Introduction.
It has long been conjectured that if This inequality has been proved for n = 2 and n = 3, and for special subclasses of the family of univalent functions (1.2) has been proved for all n. In particular, if all the coefficients in (1.1) are real then (1.2) holds and is sharp for all positive integers n. In fact Rogosinski [8] (1), Dieudonné [2] and Szász [9] have proved (1.2) when all the coefficients are real and/(z) satisfies a weaker condition than univalency, namely that for \z\ <1, 3/(z) >0 when and only when 3z>0. Such a function is called typically-real in the unit circle. The situation is quite different for the class V{p) of functions (1.1) which are regular and multivalent of order p (p-valent) in \z\ <1. Almost without exception, the previous investigations were concerned only with the order of magnitude of the coefficients bn, and the most recent result due to Biernacki [l ] an inequality which has been proved valid if f(z) G 1^ (2) , has all coefficients real, and in addition is starlike with respect to the origin [4]. We shall prove, in the following work, that for a certain class of functions T{p), to be defined precisely in §2, the inequality (1.3) is valid and further (1.3) [January is sharp in all of the p variables, namely for every set {\ b\\, | b2\, ■ ■ ■ , | bp\ } not all zero there is anf(z) ^T(p) such that (1.3) holds with the equality sign. The class of functions T(p) was first introduced by M. S. Robertson [5] [6] and is essentially the class of functions (1.1) with the real coefficients such that 3f/(z) changes sign 2p times on |z| =r for some range 0<pO<l. This class of functions is a natural generalization of Rogosinski's typically-real functions and we shall call functions of this class typically-real functions of order p. We observe that T(p) contains functions of arbitrarily high valence for any fixed p, and contains a wide class of /»-valent functions, in particular T(p) contains all starlike ^-valent functions with real coefficients.
For f(z)(E.T(p) Robertson [6] has proved that
and that/(z) can be represented in the form lim g(z), where
and F{z) is regular for 0<|z| í¡l, has a pole of order p-i at z = 0, <¡RF(eie) gO, and 6j are certain real parameters which depend on/(z).
In attempting to prove (1.3) the authors were able to obtain (1.3) for the cases p = 2 and p -3 directly from (1.6) making use of a lemma of Robertson [6, p. 514] . However the calculations are quite long and for p> 3 they become very difficult to handle due to the appearance of trigonometric functions of p -i variables. This difficulty is avoided by using induction on p, and this is the method of proof presented here.
2. Preliminary considerations.
We first give a few definitions and state without proof a number of obvious lemmas which will be useful. Definition 1. The harmonic function v(r, 6) is said to have a change of sign at 6 = dj if there exists an £>0 such that for 0<5<€ (2.1) v(r, e¡ + 8)v(r, B¡ -5) < 0.
Note that in (2.1) r is constant, and d¡, which is fixed for a given v(r, 6) and a given r, will in general depend on r. if 'g(z) is defined by
Proof. Let kt(z) = (l-2z cos v+z2)/z, then /fe"(ei9)=2(cos ö-cos v). Since p -2, 3/(z) changes sign at 6¡ where öy^O, 7r(mod 27r). Let v=Bj. Then [January 2(cos 6-cos v) changes sign exactly twice in -w^d^ir, namely at 6¡ and -6j. Therefore by Lemma 1 3g(e'9) =2(cos 6 -cos v)^f(eie) will not change sign at 6j and -6¡, but changes sign at the other 2/> -2 points where 3/(ei9) changes sign and only at these points. Further g(z) is regular for | z\ ^ 1 and g(0)=0. Therefore g(z)^T1(p-l).
We remark that for v?¿0j, j-i, 2, • • • , 2p, g(z) belongs to Ti(p-\-i) instead of Ti(p-1).
3. The main theorem.
Theorem 2. If f(z) of the form (2.2) is a member of the class T(p) then for n>p (3.1) \cT\ aÍD(p, k,n)\cT\
and this inequality is sharp in all the variables \c<?
for which the equality sign holds in (3.1).
Proof. As a consequence of Lemma 3, it will be sufficient to prove (3.1) for f(z) G Ti (p). Now the theorem is already known to be true for p = 1, [2 ] , [8 ] , [9] , and so, using induction, we may proceed to assume (3.1) valid for index p-i, and show that, for each p^2, this implies that (3.1) is also valid for index p.
Let/(z)G7\(¿>) be given by (2.2). By Theorem 1 we may select a real v so that g(z) given by ,. ,. , . It is obvious that if we can prove (3.18) Z?*(J>, ¿, n) = Z?(J>, ¿, »), 1 ^ £ g ¿> < n, the proof of (3.1) will be completed.
It is not too difficult to prove (3.18) directly from the definition (3.17), for the cases p = 2 and p = 3, and with somewhat more effort (3.18) can be shown for arbitrary p and n in the case k=p. However in the completely general case i^k^p<n the manipulations become extremely complicated, and so we resort to a device.
Proof that D*(p, k, n) =D(p, k, n). Essentially what we shall do will
be to show that if ^ = 0 in the work of the preceding section then/(z) is just one of a certain family of functions whose coefficients are given by (3.1) with the equality sign. But (3.16) will also hold simultaneously with the equality sign and hence (3.18). To bring out the structure of the proof more clearly, we have numbered the equations of this section in such a way that whenever the decimal part is the same as that for an equation in §3, the latter equation is similar in form to the one obtained by setting v = 0 in the former. We apply Lemma 6 to the proof of (3.18) thus. Select any set of positive numbers C\, c2, ■ ■ ■ , cp and with this fixed set construct the unique F(z) as indicated in the first part of the lemma. Let us now examine more closely the extremal functions constructed in [3] . To be specific we shall say that F(z) is an extremal function if there is a set of nonnegative constants ck, k = l, 2, ■ • ■ , p, not all zero, such that F(z) is given by (4.01) and (4.02). It was proved in [3] that for these extremal functions (3.1) holds with the equality sign. It remains to show only that
F(z)ET(p).
It was further proved in [4, Theorem 12] that these extremal functions are all starlike with respect to the origin, but it was not proved in [4] that F(z) is starlike of order p, although this result appears to be intuitively evident and was announced there. To remedy this defect we remark that (4.02) and (4.05) together show that sgn a%* = (-l)p+m.
Hence from (4.01), F(z)^0 for u<0. But F(z) as a polynomial of pui degree in u has exactly p zeros uk and since each zero uk is not on the line -°o <«< -1/4, it is the image of exactly one zk in \z\ <1 under the transformation u = z/(l -z)2. Clearly there is a p<l such that F{z) has exactly p zeros in 0^|z[ ^p, and no zeros in p<|z[ <1. Thus for p<r<l 1 £ F'(ZK -(p -dz = p.
2-KiJ w=r F(z)
But the integral is just t'A arg F(reie) and so A arg F(reie) =2irp. From this and the fact that F(z) is starlike, it is clear that F(z) is starlike of order p, and hence $F(reie) changes sign 2p times. Therefore F(z)Ç.T(p) and Theorem 2 is proved. From Theorem 2 and Lemma 7 we have immediately the following theorems. This settles a conjecture first advanced in [4] , in the special case that all the coefficients are real.
